The energy pathways in geostrophic turbulence are explored using a two-layer, flat-bottom, f-plane, quasigeostrophic model forced by an imposed, horizontally homogenous, baroclinically unstable mean flow and damped by bottom Ekman friction. A systematic presentation of the spectral energy fluxes, the mean flow forcing, and dissipation terms allows for a comprehensive understanding of the sources and sinks for baroclinic and barotropic energy as a function of length scale. The key new result is a robust inverse cascade of kinetic energy for both the baroclinic mode and the upper layer. This is consistent with recent observations of satellite altimeter data over the South Pacific Ocean. The well-known forward cascade of baroclinic potential and total energy was found to be very robust. Decomposing the spectral fluxes into contributions from different terms provided further insight. The inverse baroclinic kinetic energy cascade is driven mostly by an efficient interaction between the baroclinic velocity and the barotropic vorticity, the latter playing a crucial catalytic role. This cascade can be further enhanced by the baroclinic mode selfinteraction, which is only present with nonuniform stratification (unequal layer depths). When model parameters are set such that modeled eddies compare favorably with observations, the inverse baroclinic kinetic energy cascade is actually much stronger than the well-known inverse cascade in the barotropic mode. The upper-layer kinetic energy cascade was found to dominate the lower-layer cascade over a wide range of parameters, suggesting that the surface cascade and time mean density stratification may be sufficient for estimating the depth-integrated cascade from ocean observations. This may find useful application in inferring the kinetic to gravitational potential energy conversion rate from satellite measurements.
Introduction
Two studies using satellite measurements of the sea surface have suggested an inverse kinetic energy (KE) cascade in the freely evolving upper ocean at scales larger than the first baroclinic mode deformation radius. In the first study, horizontal length scales of KE were observed to grow as mesoscale eddies traveled downstream of their formation region over the rough topography of the East Pacific Ridge (Stewart et al. 1996) in the Antarctic Circumpolar Current. A subtropical example is provided by the study of the North Pacific Subtropical Countercurrent and Hawaiian Lee Countercurrent, where eddy generation by baroclinic instability peaks in winter, followed by a period of apparently free evolution during which the eddy KE length scales were observed to grow (Kobashi and Kawamura 2002) . Because the ocean is a rapidly rotating fluid the Taylor-Proudman theorem implies that its motion will be quasi-two-dimensional (Pedlosky 1987) , and superficially one might conclude that the altimeter observations are consistent with the well-known inverse energy cascade of two-dimensional turbulence theory (Kraichnan and Montgomery 1980) . However, for the stratified fluid the motion and corresponding theory is more complicated (Danilov and Gurarie 2000) . The direction of the cascade can be different for the KE and potential energy (PE) and can be different depending upon the barotropic and baroclinic modes involved, as explained below.
For a stratified, rapidly rotating fluid the motions are still quasi-two-dimensional in the sense that horizontal velocity dominates the vertical velocity, however, the horizontal velocity varies with depth. In the quasigeostrophic (QG) context the vertical structure is conveniently handled with the orthogonal basis functions provided by the eigenfunctions of the Sturm-Liouville problem:
where z is the vertical coordinate, H is the ocean depth, f is the Coriolis parameter, and N(z) is the buoyancy frequency, given by N 2 ϭ Ϫ(g/ 0 )d /dz, where is potential density and 0 is a reference density. The solutions are eigenfunctions called the "baroclinic modes," and the mth mode m has m zero crossings. Thus the gravest mode, m ϭ 0, called the barotropic mode, represents the depth-averaged flow, 0 ϭ constant. The eigenvalues m are the inverse of the deformation radii (dimension length) of the corresponding modes. At scales larger than the corresponding deformation radius geostrophic turbulence theory argues for a direct (i.e., downscale) cascade for the total baroclinic energy (Rhines 1977; Salmon 1980; Fu and Flierl 1980; Hua and Haidvogel 1986) . This is in the opposite sense to the barotropic KE cascade. Concurrent with the horizontal cascade, the geostrophic turbulence theory of Charney (1971) predicts a vertical transfer of energy from the baroclinic modes into the barotropic mode. For a fluid with strongly surface-intensified stratification, such as the ocean, the baroclinic modes interact inefficiently with the barotropic mode, and thus the slow vertical transfer provides a bottleneck to the horizontal cascade (Fu and Flierl 1980) . Energy from higher baroclinic modes collects in the first mode and converges toward the deformation radius before it finally barotropizes (Smith and Vallis 2001) . The inverse cascade is the final stage whereby energy in the barotropic mode near the deformation scale cascades toward larger scales.
Based on the geostrophic turbulence theory summarized above one might wonder if the inverse cascade observed at the oceanic surface represents the barotropic mode inverse cascade. But in fact the standard interpretation of the altimeter data is that it predominantly reflects the first baroclinic mode (Smith and Vallis 2001) . The first baroclinic mode typically contains as much or more KE as the barotropic mode, with the higher modes representing the small residual. Also, the first baroclinic mode is more strongly weighted at the surface than the barotropic mode because of surface intensified, density stratification; Fig. 1 of Wunsch (1997) shows an example from the midlatitude North Atlantic; Eq. (11) of Arbic and Flierl (2004, hereinafter AF) illustrates the point for a two-layer model. The presumed dominance of the first baroclinic mode is consistent with the observed altimeter signals, which in the midlatitudes reveal Rossby waves and eddies propagating westward at the speeds corresponding to first baroclinic motions (B. Qiu 2005, personal communication) modified by the background potential vorticity gradients (Killworth et al. 1997) .
The inverse KE cascade seen in the altimeter data was recently studied further by Scott and Wang (2005, hereinafter SW) .
1 They diagnosed the spectral KE flux ⌸ K from the satellite altimeter data to directly determine the direction of the cascade near the surface. The spectral flux ⌸ K is defined as the rate of transfer of KE from scales with wavelength Ͼ 2/K to scales with wavelength Ͻ 2/K, where K is the total horizontal wavenumber. Throughout the South Pacific Ocean, ⌸ K had a universal shape that revealed a source of KE from a range of length scales near and larger than the deformation scale, with about 3 ⁄4 ( 1 ⁄4) of the energy cascading to larger (smaller) scales. Thus there was a net inverse cascade and a clear upscale flux at scales larger than the deformation scale. Since the altimeter measures only the surface geostrophic flow, little could be definitively said about the vertical structure of the diagnosed cascade. Important questions remain: 1) Is the inverse KE cascade seen at the oceanic surface due to the barotropic mode? 2) Or is it possible that the baroclinic KE experiences an inverse cascade? 3) How are the cascades of the surface and baroclinic modes related? 4) Given knowledge of the surface spectral flux, what additional information is needed to infer the depth-integrated spectral flux?
These questions are addressed here. Questions 1 and 2 may be important for assessing the relevance of scaling theories of turbulent eddies to the real ocean since to date these theories (Larichev and Held 1995; Held and Larichev 1996; Spall 2000; Smith and Vallis 2002) do not take into account an upscale cascade of baroclinic KE near the deformation scale. Addressing question 3 will help to connect altimeter measurements and geostrophic turbulence theory.
Although the main focus of this study is the direction of the baroclinic cascade, question 4 above deserves some emphasis for its practical importance. Knowledge of the depth-integrated spectral KE flux would allow one to estimate the conversion rate of gravitational potential energy to KE, an important unknown in the mechanical energy cycles of the World Ocean. Previous estimates based upon observations have been very crude, invoking the GM mixing scheme with uncertain parameters (Wunsch and Ferrari 2004) . Altimeter data provide direct estimates of spectral flux only near the surface. However, we will show through analysis of an idealized model that the depth-integrated spectral flux is completely dominated by the upper-layer flux for most parameter settings, suggesting that surface information combined with climatological density data may be sufficient to infer the depth-integrated flux.
These questions are addressed using a simple numerical model of geostrophic turbulence: a two-layer, QG model on a flat-bottom f plane, driven by an imposed, baroclinically unstable, mean flow and damped by bottom friction, described in section 3. The model has been run with a wide range of parameters, spanning regimes with eddies that compare well with observations and those that differ significantly from observations. Diagnosing the spectral fluxes revealed the energy cascades, which we describe in the context of the complete length scale-dependent mechanical energy budget, derived in section 2. We also computed the spectral energy density budget, which is obtained from the convergence of the aforementioned budget. We call the latter the "local budget" since it contains sources and sinks at a particular wavenumber. The former budget will be called the "integral budget" since its terms are the integral of the local budget over a semi-infinite subset of the wavenumber axis. The advantage for our purposes is that the cascade directions are immediately apparent in the integral but not the local budget. The answers to questions 1 and 2 are described in section 4, and questions 3 and 4 are addressed in section 5. We summarize our findings in the conclusions (section 6).
Theory
Below in section 2a we derive the equations of the mechanical energy budget for the baroclinic and barotropic modes as a function of length scale. We therein define the spectral energy fluxes, forcing and dissipation terms for flow smaller than the length scale in question. These form the main diagnostics used here and will be referred to collectively as "integral budget sources." From the integral budget we derive the spectral density budget (via convergence), the terms of which we refer to as "local sources." This is the opposite order to the typical development in which the integral budget terms are obtained by integrating the local sources from some wavenumber to infinity (Larichev and Held 1995) . However, many of the properties of interest are immediately apparent from the formulation presented here. Also, an implicit angular average avoids the typical assumption of isotropy used to define the spectral density in terms of total horizontal wavenumber K, as in, for example, Lesieur (1997) . To aid in keeping track of the plethora of terms in the budgets, we introduce a succinct notation from which it is immediately apparent which terms in the governing equations led to the corresponding energy budget term. All terms and their properties are summarized in Tables 1 and 2.   TABLE 1 . Definitions and properties; "bt," "bc," and "C" denote barotropic, baroclinic, and conservative.
Does not simplify Yes Black
In section 2b we provide a physical interpretation of terms in the baroclinic integral budget (with obvious extensions applying to the barotropic budget). In section 2c we show how to transform from the integral and local budgets. In section 2d we derive the corresponding terms for each layer separately.
a. The modal, scale-dependent, integral mechanical energy budget
We apply the method of Frisch (1995, his section 2.4) to the two-layer, potential vorticity (PV) equations in modal form:
where subscripts bt and bc refer to the barotropic and baroclinic modes, R bt is just the bottom friction parameter, 2 L D is the deformation radius, and ⑀ ϭ (1 Ϫ ␦)/ ͌␦. The stratification parameter ␦ ϭ H 1 /H 2 , where H is layer depth and subscripts 1 and 2 refer to upper and lower layer, respectively. The imposed zonal mean flows are u bc and u bt . The streamfunctions, potential vorticities, and KE are defined as in AF:
ٌ͑ bt ͒ 2 dx dy, and
where L x and L y are the horizontal dimensions of the domain.
To find the integral budget as a function of length scale we need to define a high-pass filter. For solutions of Eq. (1) on an enclosed or periodic domain, it is convenient to represent the solution (x, y, t) in terms of a Fourier series,
, where m, n ∈ Z, and the sum is over all wavenumbers. Then we can define the high-pass filter with cutoff total wavenumber K as a simple truncation,
with an obvious extension to a low-pass filter
one obtains the mechanical energy budget for the baroclinic and barotropic small-scale flow (the integral budget). The former has two components,
͑5͒
2 It is arbitrarily identified with the barotropic mode for notational convenience later. . This is the key fact used to interpret the remaining terms in the integral budget. We use E to denote total energy E ϭ KE ϩ PE. Because of the rigid lid approximation leading to the governing Eqs. (1), the potential energy of barotropic flow is zero and
In a statistically steady state the tendency terms vanish as a balance is reached between the remaining terms. Our goal in this section is to define and interpret each term. In section 4 we present each term in equilibrated numerical simulations of the governing Eqs.
(1). An alternative derivation that may be more familiar to some readers is obtained from the energy spectral density equation. The energy spectral density is obtained multiplying the Fourier transform of the governing Eqs.
(1) by Ϫ *, integrating over all directions and taking the expected value. For instance, for the baroclinic equation,
The integral energy budget is related to the spectral density by the semi-infinite integral,
In fact this is how we calculated all the quantities derived below because it turned out to be more efficient computationally, and gave equivalent results within round-off error. The terms on the rhs of Eq. (1) have been grouped into three lines: nonlinear advection, forcing by the mean flow, and dissipation by bottom friction. Projected onto Ϫ Ͼ bc,K and Ϫ Ͼ bt,K , these will be identified, respectively, as N p,q,r (K ), F p,q,r (K ), and D p,q,r (K ), where subscript p identifies the mode of Ͼ K , q the first, and r the second factor on the rhs of Eq. (1), respectively. The explicit K dependence will be dropped for notational convenience. The barotropic (baroclinic) mode is indicated with bt (bc). Thus, for exam-
Formally the scale-dependent integral energy budget is written
where nonexistent terms are assumed to be zero, for example, N bt,bc,bt ϭ 0. In section 2b we interpret all terms for the baroclinic integral budget. The interpretation for the corresponding barotropic integral budget is straightforward. A key concept is whether or not a term is "conservative" within a given mode. For instance, N bc,bt,bc , the wellknown "barotropic stirring of baroclinic PV," is not conservative within the baroclinic mode because it transfers energy to the barotropic mode. Care must be taken not to interpret this and other nonconservative terms as redistributing energy between different horizontal wavenumbers, a point that we suspect might not be well appreciated. For instance, Hua and Haidvogel (1986, their Fig. 11 ) conclude that because the total spectral transfer is negative at large scale (L ϳ 2L D ) for each baroclinic mode m ϭ 1, 2, 3, there must be a forward cascade of baroclinic energy, where their T klm corresponds to
for a given mode m. In particular, we suggest the negative T klm at large scale is at least partly due to barotropization, which we found to be significant at scales L ϳ 2L D . Thus we avoid the term "flux" for such nonconservative source terms. 3 Hence, as done by Larichev and Held (1995) , we separate out the vortex stretching part of this term, which is conservative.
The reader may wish to turn now to Tables 1 and 2 and refer to section 2b only for clarification. The colors listed in Table 1 are used consistently and the runs are described in Table 3 , and therefore one should be able to interpret all figures based only upon the tables.
b. Interpretation of baroclinic sources and sinks
The N bc,bt,bc term has received much consideration since the "barotropic stirring" is traditionally argued to strain q bc , and thereby drive a forward baroclinic total energy cascade (Salmon 1980; Hua and Haidvogel 1986) . It can be divided into two contributions:
The term
arises from barotropic flow stirring baroclinic relative vorticity and is not simply a redistribution of baroclinic energy between different horizontal scales because C Kϭ0 0. In fact, in the limit K ϭ 0 we will find that a corresponding term arises in the barotropic equation with a minus sign, and thus it represents "barotropization," that is, a conversion of baroclinic energy into barotropic energy. In fact C K represents a loss of KE The second contribution
is correctly identified as a spectral energy flux, since it redistributes energy between different horizontal length scales. (Here and in the following we have used simple properties of the Jacobian, which are provided in the appendix.) This is clear since ⌸ Salmon (1980) , for which the exchange of energy with the barotropic mode becomes small, except when the barotropic wavenumber approaches 1/L D (Salmon 1978 (Salmon , 1980 . But this approximation is not to be confused with our exact statement here that ⌸ pe bc,K does not exchange energy with the barotropic mode. The negligible exchanges must cancel exactly.
The next two terms in Table 1 are both fluxes. The first,
involves the barotropic mode and yet conserves energy within the baroclinic mode. Thus the barotropic mode is playing a catalytic role, so we will call this the "catalytic (baroclinic KE) flux." The second,
involves only the baroclinic mode and hence we will call it the "baroclinic self-interaction." The self-interaction results from triads not considered by Salmon (1978 Salmon ( , 1980 because ⑀ ϭ 0 for ␦ ϭ 1 (Flierl 1978) . Together, these form the baroclinic KE flux,
Using this formulation it is immediately clear, using integration by parts, that the first forcing term does no work:
Similarly, the mean barotropic flow does no work since
However the interaction of the mean shear with the baroclinic flow does force the baroclinic energy. Thus the "mean shear forcing" is
The dissipation term has two contributions. One is a sign-definite "baroclinic dissipation" of energy: Interestingly the bottom friction cross term is sign indefinite and indeed was actually found to scatter energy into the baroclinic mode, much as Treguier and Hua (1988) found for the bottom topography. This "scattering" term is represented by
A similar development allows one to derive and interpret all the terms in the integral, scale-dependent, barotropic energy equation. The results are summarized in Tables 1 and 2 .
c. Spectral energy density
Taking the convergence of E Ͼ bc,K or E Ͼ bt,K , one obtains the corresponding spectral energy density:
Thus the convergence of Eq. (7) gives the spectral density budget terms. The nonlinear terms give rise to the spectral transfer 4 terms, commonly denoted as T(K ),
No assumption of isotropy was made. The formulation in section 2a implicitly involves an integral over all directions of the wavenumber vector.
d. Layer scale-dependent integral mechanical energy budgets
To make the connection with the altimeter observations, which correspond most directly to the model's upper layer, we will need the layer form of Eq. (7). This is derived in the same way, but starting from the layer form of Eq. (1) [see, e.g., Arbic and Flierl 2003, their Eqs. (17) and (18)]. In particular, one projects the layer PV equations onto
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where i ∈ {1, 2} refers to upper or lower layer, respectively, and the second equality assumes a statistically steady state. The lhs is the evolution of the total energy in each layer. The terms on the rhs are as follows:
where
The first term on the rhs is a KE flux and the second is a PE flux,
The real ocean analog of
)͘ is observable with satellite measurements. By combining this with an estimate of layer depths one can infer ⌸ ke 1,K , and, as we will see in section 5, much can be inferred from ⌸ ke 1,K . The forcing terms, which represent driving by the large-scale mean flow maintained by wind and buoyancy in the real ocean, are given by
͑16͒
Here u 2 ϭ 0 so F 2 , K ϭ 0, ᭙K. The term that exchanges energy between layers is
where the second equality arises in the statistically steady state, whereby
The dissipation term arises only in the lower layer,
with R 2 ϭ R bt .
Model
The model runs analyzed here are a subset of those analyzed earlier by AF. They are f-plane simulations of a doubly periodic, flat-bottom, two-layer QG model forced by an imposed, horizontally homogenous, vertically sheared (baroclinically unstable) mean flow and damped by bottom Ekman friction; see Arbic and Flierl (2003) or AF for a description of the model. Our model is simple but allows us to look for an inverse baroclinic KE cascade. The model equations are the layer versions of Eq. (1) but with small-scale dissipation in the form of a cutoff wavenumber filter (LaCasce 1996) . The small-scale dissipation was found to represent only a few percent of the total energy budget. Its influence is included in our diagnosis of the residual term and thus forms part of the uncertainty estimate. The mean flow had upper-layer velocity u 1 ϭ 0.1 and lower-layer velocity u 2 ϭ 0. Thus the mean flow projected onto the barotropic mode, but this was observed to have no effect on the eddy statistics or energy budget diagnostics examined here, as might be inferred from F p,0,r ϭ 0, 
Building on earlier work (e.g., Hua and Haidvogel 1986; Larichev and Held 1995) , which noted the sensitivity of QG turbulence to friction, AF focused on this sensitivity. They showed, for instance, that the ratio KE bc /KE bt has a maximum value of KE bc /KE bt ϭ 1/␦ when bottom friction is strong, and KE bc /KE bt → 0 when friction is weak. When friction is moderately strong and stratification is surface intensified, this ratio and other characteristics of model eddies compare well with observations. The strength of friction is measured by the "throughput" parameter, TP ϵ (u 1 Ϫ u 2 )/R 2 L D , where R 2 is the bottom friction decay rate and the numerator is the imposed vertical shear. Table 3 summarizes all runs analyzed here.
Results for modal mechanical energy budgets
Here we describe the scale-dependent mechanical energy budget for the runs summarized in Table 3 . At a given K, a statistically steady state requires two balances: 1) the sum of all terms must be zero (implying physically there is no net source 5 of energy for scales smaller than K ),
and 2) by Eq. (13) the sum of the slopes of all terms must be zero,
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(implying that physically there is no net source of energy at that wavenumber K ). We call Eq. (18) the integral budget and Eq. (19) the local budget. Traditionally authors focus on the slopes (Hua and Haidvogel 1986; Larichev and Held 1995) . The advantage is that the sources and sinks at each wavenumber are clear. But the direction of the cascades has to be inferred from integrating by eye from K to ϱ, generally a difficult task. The advantage of plotting the spectral fluxes is that positive (negative) flux determines unambiguously that the cascade is directed downscale (upscale). We suggest that it is generally easier to estimate a slope by eye than an integral to infinity. LaCasce (1996) makes the further point that spectral fluxes, being related to the transfer by an integral, enjoy the advantage that they are generally smoother, especially for transient experiments. However, for completeness, we have also plotted the corresponding spectral transfers and other spectral density source terms.
a. Default run
Run 1 was identified by AF as comparing most favorably with observations of the vertical structure and horizontal scale of oceanic mesoscale eddies. The ratio of KE bc to KE bt was about 1.5, which compares favorably with current-meter records (Wunsch 1997 ). The stratification is surface intensified (␦ ϭ 0.2) and the friction is moderate (TP ϭ 2.5). Figure 1a shows the baroclinic integral budget for run 1. The cyan line shows the residual, which results from departure from statistical equilibrium, small-scale dissipation, and round-off error, and thus provides an estimate of the uncertainty. At scales larger than L D , mean shear forcing (green line) is the dominant source of energy. Scattering from bottom friction (red line) provides a secondary source, consistent with Hua and Haidvogel (1986) . The PE flux (purple line) is responsible for cascading the energy further downscale. The PE flux is zero at K ϭ 0, implying that this term neither creates nor destroys energy, but merely redistributes it between scales. Its peak amplitude, about 0.225 [units are (u 
1) BAROCLINIC ENERGY BUDGET
, corresponds to the sum of the peaks of the source terms (red and green lines). The results so far are consistent with standard geostrophic turbulence phenomenology, with the possible exception that there is no inertial range carrying this PE to scales smaller than L D . However, Larichev and Held (1995) also noted a lack of inertial range in their Fig. 4d , plotting ⌸ ke bt,K and ⌸ pe bc,K . Note the large, negative lobe of the black line-the KE flux is upscale, revealing an inverse KE cascade in the baroclinic mode. This is the key contribution to geostrophic turbulence phenomenology revealed in this study. Furthermore, the KE flux is substantial, with peak amplitude almost equal and opposite to the forward PE cascade. Interestingly, this suggests that the baroclinic KE flux might be used to estimate the total forcing of the baroclinic mode via conversion from mean field potential energy to KE. This point will be taken up in section 5. Decomposing the KE flux into its two contributions (see Table 2 ), we found that the catalytic contribution was stronger than the self-interaction, even though the barotropic mode was less energetic. This suggests that the catalytic term is more efficient at driving the inverse cascade. Figure 1b plots the corresponding terms in the local budget Eq. (19). At scales smaller than the deformation radius (K Ͼ 1) the balance is simple: conversion from PE to KE. At larger scales the story is more complicated with all terms playing a nonnegligible role. The mean shear forcing has a positive contribution from PE forcing (dashed green line) and a negative contribution from KE forcing (green line with dots). The PE forcing is the vortex stretching contribution to shear forcing: ͗ * bc ik x bt ͘u bc /L D . The KE forcing is ͗ * bc ik x q bt ͘u bc . There is no inertial range for the KE cascade-as KE is fluxed to larger scale it is quickly removed from the baroclinic mode. The removal process is mostly accomplished by the barotropization (maroon line), which is the dominant nonconservative negative term at large scales in Fig. 1b . Insofar as the surface reflects the baroclinic mode, this is consistent with SW's hypothesis of barotropization as the primary cause of the apparent arrest of the surface layer cascade seen in altimeter data. As discussed in the next section, ultimately energy is removed from the barotropic mode by bottom friction. Figure 2 shows the barotropic energy budget for run 1, with the integral budget in Eq. (18) in Fig. 2a and the local budget Eq. (19) in Fig. 2b . Of course there is no PE flux. As expected, there is a net inverse cascade of KE (black line). At small scales the barotropic mode is experiencing a downscale flux (albeit very tiny), consistent with Salmon (1980) but inconsistent with Fu and Flierl (1980) and Rhines (1977) . We are currently working on understanding the origins of this contradiction. However, at scales larger than L D all theories agree with each other and with the qualitative results shown in Fig. 2 .
2) BAROTROPIC ENERGY
The important result is the tiny amplitude of the barotropic inverse cascade, which is actually much smaller than found in the baroclinic mode (the vertical scales are the same for Figs. 1a and 2a) . Apparently moderately strong bottom friction has substantially weakened the barotropic inverse cascade. With such a weak inverse cascade, the main result of Larichev and Held (1995) is not present here. That is, the generation in the baroclinic mode is not shifted to scales L k L D (green lines peak around K ϭ 0.65 rads L Ϫ1 D in Fig. 1b) ; contrast their Fig. 4c , terms IV and V with our green dotted and green dashed lines, respectively. In the barotropic budget, their barotropization term (their Fig. 4b, term II) is much more spread out than our Green is mean shear forcing (with dashed the KE and dotted the PE components), maroon is barotropization, black and purple are fluxes of kinetic and potential energy, respectively, and the dashed purple line is their sum; red is bottom friction dissipation and scattering. The cyan curve is the imbalance due to statistical uncertainty and round-off error. The large negative lobe of the black line in (a) reveals an inverse kinetic energy cascade. Vertical axis in (a) is in units of (
. Horizontal axis is in radians per deformation radii.
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strongly peaked barotropization (maroon line in Fig.  2b ). The other terms are unsurprising. Notice that the barotropization term (maroon line) in Fig. 2a is equal and opposite to that in Fig. 1a at K ϭ 0, as required. Barotropization is the main source and bottom friction is the sole sink. The inverse cascade is arrested by bottom friction, unlike the case with beta.
b. Robustness of qualitative results
Are the two main results from above sensitive to the two free parameters TP and ␦? Here we show that the inverse cascade of baroclinic KE remains strong even for weak friction (larger TP), and uniform stratification (␦ ϭ 1). However, not surprisingly, the results of Larichev and Held (1995) are recovered regarding the strong inverse cascade in the barotropic KE, and the resulting shift in baroclinic shear generation to larger scales. Also, barotropization becomes distributed over a wide range of scales for both the baroclinic and barotropic budgets.
Run 4 has weak friction and ␦ ϭ 1 and is therefore similar to the run analyzed by Larichev and Held (1995) . The eddies are much larger and more barotropic than observed oceanic mesoscale eddies. Figure 3 shows the baroclinic energy budget for run 4, with terms from Eq. (18) in Fig. 3a and with terms from Eq. (19) in Fig. 3b . The generation is now extremely concentrated at large-scale L k L D consistent with Larichev and Held (1995) . Note that barotropization is actually more spread out. This should be contrasted with the requirement of individual triads, mentioned in section 2b, that the baroclinic-barotropic energy exchange is small except when the barotropic wavenumber is near K ϭ 1/L D . The KE inverse cascade is still present, though its peak amplitude is now only about one-fifth that in the forward PE cascade. However, it is still nonnegligible in comparison with the barotropic inverse cascade.
Recall that geostrophic turbulence theory predicts a net forward cascade of total baroclinic energy at large scales (Salmon 1978 (Salmon , 1980 . This implies that ͟ ͟ pe bc,K Ͼ 0. This is certainly true for run 4, which is in a similar parameter regime to Salmon (1980) ; see dashed purple line in Fig. 3a . For large scales it is also true for run 1; see Fig. la . However, at scales L Շ L D the total energy is cascading upscale in contradiction to the wellknown Fig. 1 of Salmon (1980) [reproduced in Fig. 6 .6 of Salmon (1998) and Vallis (2006) ].
The corresponding barotropic energy budgets are shown in Fig. 4 . The barotropic inverse cascade is much stronger than for run 1, but note that the peak baroclinic inverse KE cascade in Fig. 3a is still comparable (about one-half as strong) as the peak barotropic flux. The barotropic forcing is almost exclusively from barotropization (shear forcing is negligible) and is spread over a wide range of length scales, as found by Larichev and Held (1995) . Note the clear correspondence between the peaks in bottom friction and inverse cascade in Fig. 4b , suggesting that bottom friction is responsible in arresting the cascade, as Salmon (1978, his Fig. 7b) found.
Relating the upper-layer cascade with the baroclinic mode and depth-integrated energy budget
A strong motivation for this work is to help interpret the spectral KE flux estimates made from altimeter data. The classic theory (e.g., Salmon 1980) however is mostly framed in terms of barotropic and baroclinic modes (since the relationship between the streamfunction and potential vorticity is diagonal using that vertical basis set). So SW related the altimeter signal to the baroclinic modes insofar as possible, based on the hypothesis that the altimeter data reflect the first baroclinic mode more than the barotropic mode, as argued by Wunsch (1997) and Smith and Vallis (2001) . Here we test the consistency of this hypothesis with our simple model simulations. The upper layer of the model will be taken as our "surface signal," as this offers a more direct comparison with altimeter data (a point emphasized by AF). For this reason we have diagnosed the upper-layer scale-dependent integral mechanical energy budgets, derived in section 2d, and described the phenomenology below. The lower-layer integral budget is also described briefly. Attention is given to exploring the possibility of using the satellite data to infer the depth-integrated forcing.
a. Default run
For run 1 the upper-layer scale-dependent integral mechanical energy budget Eq. (14) is shown in Fig. 5a by dashed lines. All the terms are important. The results look similar to the corresponding baroclinic budgets, so we have selected colors to correspond to the analogous terms in Fig. la and replotted those terms with solid lines and with the bottom friction scattering and shear forcing combined (now green line). Upperlayer forcing F 1,K is the dominant source at large-scale (green), upper-layer advection of vortex stretching ͟ pe 1,K drives a strong forward cascade (purple), and an equally strong upper-layer inverse KE cascade ͟ ke 1,K (black) fluxes the energy to larger scale where it is transferred to the lower layer C 1,K (maroon). The latter term was estimated as a residual for computational convenience. Uncertainty estimates are not available for the upper-layer integral budget but will be provided for the depth-integrated integral budget (Fig. 6) .
This close agreement suggests that all the upper-layer scale-dependent mechanical energy budget terms have close connection with the baroclinic terms, at least in the run that compares best to oceanic observations. This is the second main contribution of this work. The interpretation of the satellite measurements of SW, FIG. 4 . Same as in Fig. 1 , but for the barotropic mode and for run 4, weak friction (TP ϭ 10), and uniform stratification (␦ ϭ 1).
is just a special case of this more general principle. For the default run, the lower-layer budget (not shown) was dominated by upper-to lower-layer conversion and bottom friction dissipation. The forcing was zero, and the lower-layer cascades were tiny in this case and did not correspond well with those in the barotropic mode.
b. Robustness of the upper-layer baroclinic correspondence
The argument for the correspondence between upper-layer and baroclinic KE flux [Eq. (20) ] relied on surface-intensified stratification and at least as much KE in the baroclinic mode as in the barotropic mode (SW). So our most extreme deviation from this here is run 4, which had ␦ ϭ 1 and was highly barotropic. Encouragingly, the relationship in Eq. (20) is not too far off even for this run. In Fig. 5d , the upper-layer KE flux follows closely the baroclinic KE flux at scales L Ͻ L D . At larger scales the barotropic contribution becomes important, driving a strong inverse cascade that dominates the surface KE flux. The peak amplitude of the upper-layer inverse cascade (ϷϪ20) is roughly twice that of the baroclinic cascade (ϷϪ10). The correspondence between the upper-layer and baroclinic integral budget terms works surprisingly well for the forcing, but not at all well for the other terms. For more realistic parameters (especially run 1, but also runs 2 and 3) the correspondence works much better (see remaining subplots of Fig. 5 ).
c. Can we infer the mechanical energy budget from the upper-layer KE flux alone?
As explained in the introduction, we also seek a relation between the observable surface-layer flux and terms of interest in the depth-integrated, scale-dependent mechanical energy budget. We find that for the most oceanic-like run 1 the upper-layer KE flux alone allows for a good estimate of the rate of PE to KE conversion, and a reasonable estimate for total forcing. For the other runs the relationship is not as strong, but surprisingly useful. The depth-integrated, scale-dependent integral energy budget, that is, the sum over the layer budgets [Eq. (14) ], is plotted in Fig. 6 for all four runs (solid lines) along with the surface KE flux (dashed). Unlike the barotropization terms, which cancel at K ϭ 0 but not necessarily locally (LaCasce 1996), the energy exchange between layers cancels locally. Thus the residuals in Fig. 6 represent the uncertainty (cyan lines) due to statistical nonequilibrium, small-scale dissipation, and numerical errors. In all cases the PE flux (purple) looks much like the reflection about the horizontal axis of the depth-integrated KE flux (solid black). But for runs 1 and 3 the depth-integrated KE flux is barely distinguishable from the upper-layer KE flux (dashed black). This occurs because the moderate friction has damped the lower layer such that its KE is much less than the upper layer (see Table 3 ) and the KE flux involves velocity to the third power. Even for the high TP runs, the upper-layer KE flux (multiplied by Ϫ1) gives a qualitative picture of the PE flux. The worst case is run 4. The ratio of the peak upper-layer KE flux to the peak PE flux is shown as a percentage in the right of each subplot, suggesting that we might infer about 80% of the rate of PE to KE conversion for the ocean from knowledge of the surface KE flux. The total forcing is usually slightly higher than this conversion rate, so its percentage inferred from just the upper-layer KE flux is slightly poorer (see numbers in the left of the subplots).
These results suggest that one can estimate the depth-integrated KE flux, and related quantities of interest, using only surface streamfunction (from satellite altimetry) and knowledge of the mean stratification (from hydrographic climatology). It will be important to confirm this in more realistic models. National Centers for Environmental Prediction (NCEP) wind stress and satellite altimetry (Scott 1999) . In the Kuroshio Extension region the surface spectral flux is several times larger, because of stronger currents in this region, implying a PE to KE conversion rate around 15 mW m Ϫ2 (Fig. 7) . The mean shear probably changes by at least a factor of 10 from the western boundary to midgyre, implying variations in the strength of spectral flux of the order of a thousand times, which is consistent with results from altimeter data. It is interesting to note a quantitative difference between the spectral flux in the upper layer and that estimated from the satellite altimetry. The peak forward flux in the altimeter data generally attains maxima about 1 ⁄3 of the peak upscale flux throughout most of the South Pacific and about 1 ⁄6 in the Kuroshio Extension region (Fig. 7) . The model upper-layer flux did experience a forward flux but it was so small that it is barely identifiable in these figures. For example, the maximum upscale upper-layer flux is more than 85 times larger than the maximum upper-layer downscale flux in Fig. 5a .
It appears that some dynamics not contained in the two-layer model may be driving a stronger forward cascade near the surface of the real ocean. Perhaps unbalanced motion, or the higher baroclinic modes, provide a pathway to small-scale dissipation. Resolving this discrepancy may provide important clues to the mechanical energy pathways toward dissipation in the real ocean. The authors are currently pursuing this.
Conclusions
Here we summarize our findings with succinct answers to the four questions raised in the introduction. 1) Is the inverse KE cascade seen at the oceanic surface due to the barotropic mode? Our model results suggest that partially it is, though its contribution is very small except for the weak friction runs, and only for scales about 50% larger than L D . The baroclinic mode makes the most significant contribution; see Fig. 5 , especially Fig. 5a , which shows the simulation we regard as the most representative of midlatitude oceanic conditions (weak friction yields eddies that do not compare well with observations; AF). 2) Is it possible that the baroclinic mode experiences an inverse KE cascade? Yes, as speculated by SW, baroclinic KE at scales larger than L D cascades to larger scale. In fact in the most oceanically representative run the baroclinic inverse KE cascade is almost 10 times the barotropic inverse KE cascade. 3) How are the cascades of the surface and baroclinic modes related? The spectral KE flux in the upper layer times the upper-layer fractional depth provides a very good approximation to the baroclinic spectral fluxes, as expressed in approximation (20), for run 1 (see Fig. 5a ). In fact, all the terms in the scale-dependent integral mechanical energy budget have close correspondence with their analogous baroclinic mode terms. 4) Given knowledge of the surface flux, what additional information is needed to infer the depthintegrated spectral flux, and other terms of interest to the mechanical energy budget? Insofar as the two-layer model is appropriate, we would only need to know the fractional depth of the upper layer. This could be inferred from the time mean density stratification, which is available for the World Ocean (Conkright et al. 2002) . Although the two-layer model is crude, it still may provide our current best estimate of the conversion rate of gravitational potential energy to KE in the ocean.
We hope that the results described herein are equally interesting to the geostrophic turbulence theorist, and 46°N ϫ 156°to 174°E) . The straight vertical line indicates the wavenumber of the first baroclinic deformation scale, taken from Chelton et al. (1998) , averaged over the region of the spectral flux estimate, and should be compared with unity in the other figures. Because the vertical structure is not known, the units are per unit depth. This plot is fairly typical of results from other regions of the World Ocean, though the zero crossing is typically more to the left of the deformation scale and the forward flux is typically larger, often about 1/3 of the upscale flux.
those interested in quantifying the oceanic mechanical energy cycles from oceanic observations. While the inverse KE cascades are likely robust phenomena, the relationship between the upper layer and the baroclinic mode may be model dependent. It is important to investigate this relationship in more realistic models that include, for instance, multiple layers, bottom topography, and horizontally varying mean flows.
